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Abstract
In this paper, we derived Lorentz covariant quantum Liouville equation for
the density operator which describes the relativistic quantum information pro-
cessing from Tomonaga-Schwinger equation and an exact formal solution for
the reduced-density-operator is obtained using the projector operator tech-
nique and the functional calculus. When all the members of the family of the
hypersurfaces become flat hyperplanes, it is shown that our results agree with
those of non-relativistic case which is valid only in some specified reference
frame. To show that our new formulation can be applied to practical prob-
lems, we derived the polarization of the vacuum in quantum electrodynamics
up to the second order. The formulation presented in this work is general
and could be applied to related fields such as quantum electrodynamics and
relativistic statistical mechanics.
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Recently, there has been growing interest in the relativistic formulation [1]- [7] of quantum
operations for possible near future applications to relativistic quantum information process-
ing such as teleportation [8], entanglement-enhanced communication [9], and quantum clock
synchronization [10], [11].
In the non-relativistic case, the key element for studying quantum information processing
is the density operator of a quantum register which is derived from the solution of a quantum
Liouville equation (QLE) [12], [13] for the total system including an environment. The QLE
is an integro-differential equation and it is in general nontrivial to obtain the solution of the
form
ρ
E
→ ρ′ = Eˆ [ρ], (1)
where ρ is the reduced density operator of the quantum register and Eˆ is the superoperator
describing the evolution of ρ by the quantum information processing. In the previous works,
we have employed a time-convolutionless reduced-density-operator formalism to model quan-
tum devices [14] and noisy quantum channels [15], [16].
The first step toward the relativistic quantum information theory would be the formu-
lation of Lorentz covariant QLE and the derivation of the reduced-density-operator which
is a solution of the covariant QLE. The goal of this paper is to derive Lorentz covariant
quantum Liouville equation which describes the relativistic quantum information processing
and obtain a formal solution for the reduced-density-operator pertaining to the system (or
electrons) part alone.
It is well known that neither the non-relativistic Schro¨dinger equation nor the QLE is
Lorentz covariant. As a result, it is expected that the usual non-relativistic definition of
the reduced-density-operator and its functionals such as quantum entropy have no invariant
meaning in special relativity. Another conceptual barrier for the relativistic treatment of
quantum information processing is the difference of the role played by the wave fields and the
state vectors in the quantum field theory. In non-relativistic quantum mechanics both the
wave function and the state vector in Hilbert space give the probability amplitude which
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can be used to define conserved positive probability densities or density matrix. On the
other hands, in relativistic quantum field theory, covariant wave fields are not probability
amplitude at all, but operators which create or destroy particles in spanned by states defined
as containing definite numbers of particles or antiparticles in each normal mode [17]. The
role of the fields is to make the interaction or S-matrix satisfy the Lorentz invariance and
the cluster decomposition principle. The information of the particle states is contained in
the state vectors of the Hilbert space spanned by states containing 0, 1, 2, · · · particles as in
the case of non-relativistic quantum mechanics. So it seems like that one needs to obtain
the covariant equation of motion for the state vector and derive the covariant QLE out of
it.
Some time ago, Tomonaga [18] and Schwinger [19] derived a covariant equation of motion
for the quantum state vector in terms of the functional derivative, known as Tomonaga-
Schwinger (T-S) equation,
i
δΨ[σ]
δσ(x)
= Hint(x)Ψ[σ], (2)
in the interaction picture. Here x is a space-time four-vector, σ is the spacelike hypersurface,
Ψ[σ] is the state vector which is a functional of σ, Hint(x) = Hint[ϕα(x)] is the interaction
Hamiltonian density which is a functional of quantum field ϕα[x], and
δ
δσ(x)
is the Lorentz
invariant functional derivative [20]. The functional derivative of Ψ[σ] is defined as
δΨ[σ]
δσ(x)
= lim
δω→0
Ψ[σ′]−Ψ[σ]
δω
, (3)
where δω is an infinitesimal four-dimensional volume between two hypersurfaces σ and σ′.
The formal solution of equation (2) is given by
Ψ[σ] = U [σ, σ0]Ψ[σ0], (4)
where the generalized transformational functional satisfies the T-S equation
i
δU [σ, σ0]
δσ(x)
= Hint(x)U [σ, σ0] (5)
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with the boundary condition U [σ0, σ0] = 1. The generalized transformation functional
U [σ, σ0] is a unitary operator. We also have [19]
δU−1[σ, σ0]
δσ(x)
= −U−1[σ, σ0]
δU [σ, σ0]
δσ(x)
U−1[σ, σ0], (6)
from the unitary condition. Throughout the paper, we assume h¯ = c = 1. The expectation
value of some field variable F (x) becomes
< F (x) > = (Ψ[σ], F (x)Ψ[σ])
= trace(F (x)Ψ[σ]Ψ†[σ])
= trace(F (x)ρT [σ]). (7)
¿From equation (7), we notice that the total density operator ρT [σ] can be written as [21]
[22]
ρT [σ] = Ψ[σ]Ψ
†[σ]
= U [σ, σ0]Ψ[σ0]Ψ
†[σ0]U
−1[σ, σ0]. (8)
Then,
δρT [σ]
δσ(x)
=
δ
δσ
{U [σ, σ0]Ψ[σ0]Ψ
†[σ0]U
−1[σ, σ0]}
= [
δU [σ, σ0]
δσ(x)
U−1[σ, σ0], ρT [σ]]
= −i[Hint(x), ρT [σ]]
= −iLˆ(x)ρT [σ], (9)
where Lˆ(x) is the Liouville superoperator. Since equation (9) describes the Lorentz covariant
equation of motion for the total density operator, we denote it as the covariant quantum
Liouville equation (CQLE). Note that the Liouville superoperator is not an operator in the
Hilbert space of state vectors but a linear operator in the Hilbert-Schmidt space of density
matrices [16]. Here ρT [σ] contains the information for the total system, for example, an
interacting spin-1
2
massive particles and photons in the case of quantum electrodynamics
(QED).
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In order to extract the information of the system or the electrons alone, it is convenient
to use the projection operators [12], [23], [24] that decompose the total system by eliminating
the degrees of freedom for the environment, say, the photon field in the case of QED. The
information of the system is then contained in the reduced-density-operator ρ[σ] which is
defined as
ρ[σ] = trBρT [σ]
= trBPρT [σ], (10)
where the projection operator P and Q are defined as PX = ρBtrB(X),Q = 1−P, for any
covariant dynamical variable X , ρB is the density matrix for the quantum environment at σ0
and trB indicates a partial trace over the quantum environment. The projection operators
satisfy the operator identities P2 = P,Q2 = Q, PQ = QP = 0 and [ δ
δσ(x)
,P] = [ δ
δσ(x)
,Q] =
0. Furthermore, we would like to note that ( δ
δσ(x)
)−1 =
∫
d4x [20], and the system and the
environment are decoupled at σ0. We also note that the projection operators P and Q
are functionals of the initial hypersurface σ0( 6= σ for all x) and unless otherwise specified,
we will omit the functional argument. However, one needs to keep track of the functional
argument especially in the four-dimensional integration.
The CQLE (9) can be decomposed into two coupled equation for PρT [σ] and QρT [σ]:
δ
δσ(x)
PρT [σ] = −iPLˆ(x)PρT [σ]− iPLˆ(x)QρT [σ], (11a)
δ
δσ(x)
QρT [σ] = −iQLˆ(x)QρT [σ]− iQLˆ(x)PρT [σ], (11b)
In order to obtain the formal solution, we solve first eq. (11b) using the integrating
factor. Let h[σ] be an integrating factor such that
h[σ]{
δ
δσ(x)
QρT [σ] + iQLˆ(x)QρT [σ]} = −ih[σ]QLˆ(x)Qρ[σ]
=
δ
δσ(x)
{h[σ]Qρ[σ]}. (12)
Then, δh[σ]
δσ(x)
= ih[σ]QLˆ(x)Q and we obtain
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h[σ] = T c exp{i
∫ σ
σ0
d4x′QLˆ(x′)Q}. (13)
¿From eq. (12),
QρT [σ] = h
−1[σ]h[σ0]Qρ[σ0]− i
∫ σ
σ0
d4x′h−1[σ(x)]h[σ(x′)]QLˆ(x′)PρT [σ(x
′)]
= −i
∫ σ
σ0
d4x′H [σ(x), σ(x′)]QLˆ(x′)PρT [σ(x
′)], (14)
where we assume that ρT [σ] is decoupled when σ = σ0 and
Hˆ[σ(x), σ(x′)] = T exp{−i
∫ σ(x)
σ(x′)
d4x′′QLˆ(x′′)Q}. (15)
Here T and T c are time-ordering and anti-time ordering operators, respectively, and
H [σ(x), σ(x′)] is the projected propagator. In order to derive the convolutionless equation
of motion, we define the retarded propagator GR[σ(x), σ(x
′)] such that
GˆR[σ(x), σ(x
′)] = T c exp{i
∫ σ(x)
σ(x′)
d4x′′Lˆ(x′′)} (16)
which satisfies
ρT [σ0] = GˆR[σ, σ0]ρ[σ]. (17)
Then,
Qρ[σ] = −i
∫ σ
σ0
d4x′H [σ(x), σ(x′)]QLˆ(x′)PGˆR[σ(x), σ(x
′)]ρT [σ(x)]
= −i
∫ σ
σ0
d4x′H [σ(x), σ(x′)]QLˆ(x′)PGˆR[σ(x), σ(x
′)]PρT [σ(x)]
−i
∫ σ
σ0
d4x′H [σ(x), σ(x′)]QLˆ(x′)PGˆR[σ(x), σ(x
′)]QρT [σ(x)] (18)
and
QρT [σ] = {θ[σ]− 1}PρT [σ], (19)
where
θ−1[σ] = 1 + i
∫ σ
σ0
d4x′H [σ(x), σ(x′)]QLˆ(x′)PGR[σ(x), σ(x
′)]. (20)
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Once the solution for QρT [σ] is obtained, it is substituted for the equation for PρT [σ]. Then,
after, some mathematical manipulations, we obtain using the integrating factor technique
again,
PρT [σ] = W
−1[σ, σ0]Uˆs[σ, σ0]PρT [σ0], (21)
or
ρ[σ] = trB{W
−1[σ, σ0]Uˆs[σ, σ0]ρB}ρ[σ0], (22)
where
W [σ, σ0] = 1 + i
∫ σ
σ0
d4x′Uˆs[σ(x), σ(x
′)]PLˆ(x′){θ[σ(x′)]− 1}PGR[σ(x), σ(x
′)]θ[σ(x)], (23)
and
Uˆs[σ, σ0] = T exp{−i
∫ σ
σ0
d4x′PLˆ(x′)P}. (24)
Here Uˆs[σ, σ0] is the generalized transformation functional or the propagator for the reduced
system.
It is remarkable to note when hypersurfaces σ0 and all the members of the family {σ}
are hyperplane flat surfaces parametrized by t = constant [20], then the transformation
functional such as Us[σ(x), σ(x
′)] can be written as Us(t, t
′). Then, if we set t0 = 0,
W (t, 0) =W (t)
= 1 +
∫ t
0
d4x′Uˆs(t, t
′)PL(x′, t){θ(t′)− 1}PGR(t, t
′)θ(t)
= 1 +
∫ t
0
dsUˆs(t, s)trB[L(s){θ(s)− 1}ρB]trB[GR(t, s)θ(t)ρB], (25)
with Lˆ(s) =
∫
d3x′(x′, s). As a result, the covariant forms of equations (21) to (24) become
reduced to those of the non-relativistic case which is valid only in some specified reference
frame given by equations (18) to (25) of reference [15].
By comparing, equations (1) and (22), the covariant superoperator for the relativistic
quantum operation Eˆ [σ, σ0] can be written as
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Eˆ [σ, σ0] = trB{W
−1[σ, σ0]Uˆs[σ, σ0]ρB}. (26)
So far all our results are exact and the equations (21) to (26) would be the key steps in
the analysis of relativistic quantum information processing. Apart from describing quantum
information processing, QLE and reduced-density-operator have been essential in solving
various quantum optics and non-Markovian optical problems in the non-relativistic domain
[12]- [14]. So it might be interesting to extend this approach to revisit relativistic quan-
tum electrodynamics problems, which were solved relying on renormalization procedures in
field theory, using the covariant form of quantum Liouville equation. On the other hand,
relativistic thermodynamics or statistical mechanics look like an area where the knowledge
of the density operator or the reduced-density-operator might come in handy provided the
ambiguity of the temperature concept in special relativity is resolved. We believe our formal-
ism is general and could be applied to related fields such as QED and relativistic statistical
mechanics. As a matter of fact, these related fields would also play an important role in
relativistic quantum information processing because these processes would cause the deco-
herence as in the non-relativistic case.
To show how to apply the formalism we developed to practical problems, we give a
derivation of the polarization of the vacuum by an external field starting from the equation
(22). The Hamiltonian for the coupling between an electron and electromagnetic fields is
given by
Hˆ(x) = −jˆµ(x)Aˆµ(x), (27)
where jˆµ(x) and Aˆµ(x) are current and electromagnetic 4-vector potential operators, re-
spectively. Then from eq. (22), the reduced density operator up to the first order in Lˆ
becomes
ρ(1)[σ] = trB{1− i
∫ σ
σ0
d4x′PL(x′)P}ρ[σ0]
= (1− i
∫ σ
σ0
d4x′trB(L(x
′)ρB))ρ[σ0]. (28)
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If we set the initial hypersurface be the flat surface σ0 = −∞, ρ[−∞] = ρ0 and Aµ(x) =
trB(Aˆµ(x)ρB) which is a classical external field, we get
ρ(1)[σ] = ρ0 + i
∫ σ
−∞
d4x′[jˆµ(x
′)Aµ(x
′), ρ0]. (29)
The polarization of the vacuum is the expectation value of jˆµ(x), computed for the state of
the system as modefied by the external electromagnetic field [25], [26] and is given by
〈jˆµ(x)〉 = tr(jˆµ(x)ρ
(1)[σ])
= tr(jˆµ(x)ρ0) + i
∫ σ
−∞
d4x′tr{[jˆν(x
′)Aν(x
′), ρ0]jˆµ(x)}
= i
∫ σ
−∞
d4x′tr{[jˆµ(x), jˆν(x
′)]ρ0}Aν(x
′)
= i
∫ σ
−∞
d4x′〈[jˆµ(x), jˆν(x
′)]〉0Aν(x
′)
= −
α
15
1
k20
✷
2Jµ(x) + · · · (30)
where tr(· · ·) is the trace over the electron states and 〈· · ·〉0 is the expectation value for the
electron fields. Here Jµ(x) is the external current generating the electromagnetic field, k0 =
m0c/h¯, α = e
2/4πh¯c, ✷2 = ∂µ∂
µ, andm0 is the electron mass [25] [26]. Eq. (30) describes the
vacuum polarization due to the external electromagnetic fields in quantum electrodynamics.
We proceed to derive the second order correction to the vacuum polarization 〈jµ(x)〉
(2). The
second order correction term to the reduced density operator △ρ(2)[σ] becomes
△ρ(2)[σ] = −i
∫ σ
−∞
d4x′trB{(W
−1[σ,−∞]Uˆs[σ,−∞])
(2)ρB}ρ0
= −2
∫ σ(x)
−∞
d4x′
∫ σ(x′)
−∞
d4x′′trB(Lˆ(x
′)Lˆ(x′′)ρB)ρ0
= −2
∫ σ(x)
−∞
d4x′
∫ σ(x′)
−∞
d4x′′{−〈Aˆµ(x
′)Aˆν(x
′′)〉0jˆµ(x
′)jˆν(x
′′)ρ0
+〈Aˆµ(x
′)Aˆν(x
′′)〉0jˆν(x
′′)ρ0jˆµ(x
′) + 〈Aˆν(x
′′)Aˆµ(x
′)〉0jˆµ(x
′)ρ0jˆν(x
′′)
−〈Aˆν(x
′′)Aˆµ(x
′)〉0ρ0jˆν(x
′′)jˆµ(x
′)}. (31)
Then,
〈jˆµ(x)〉
(2) = tr(jˆµ(x)△ρ
(2)[σ])
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= −2
∫ σ(x)
−∞
d4x′
∫ σ(x′)
−∞
d4x′′{−〈Aˆµ(x
′)Aˆν(x
′′)〉0〈[jˆλ(x), jˆµ(x
′)]jˆν(x
′′)〉0
+〈Aˆν(x
′′)Aˆµ(x
′)〉0〈jˆν(x
′′)[jˆλ(x), jˆµ(x
′)]〉0}
= −2
∫ σ(x)
−∞
d4x′
∫ σ(x′)
−∞
d4x′′〈[Aˆµ(x
′), Aˆν(x
′′)〉0〈[jˆλ(x), jˆµ(x
′)]jˆν(x
′′)〉0
= −2i
∫ σ(x)
−∞
d4x′
∫ σ(x′)
−∞
d4x′′δµνD(x
′ − x′′)〈[jˆλ(x), jˆµ(x
′)]jˆν(x
′′)〉0
= −2i
∫ σ(x)
−∞
d4x′
∫ σ(x′)
−∞
d4x′′〈[jˆµ(x), jˆν(x
′)]jˆν(x
′′)〉0D(x
′ − x′′), (32)
where D(x) is the invariant function defined by eq.(2.17) of reference [19]. Above result can
be further simplified by using that [25]
∫ σ(x′)
−∞
d4x′′D(x′ − x′′)jˆµ(x
′′)
=
∫ ∞
−∞
d4x′′ǫ(x′, x′′)D(x′ − x′′)jˆµ(x
′′)
=
∫ ∞
−∞
d4x′′D¯(x′ − x′′)jˆµ(x
′′)
= −2δAˆµ(x
′) (33)
Here δAˆµ(x) is the 4-vector potential induced by the polarization of the vacuum or the
reaction of the virtual electron-positron coupling. Then the vacuum polarization up to the
second order interaction becomes
〈jˆµ(x)〉 = i
∫ σ(x)
−∞
d4x′〈[jˆµ(x), jˆν(x
′)]〉0{Aν(x
′) + 4δAν(x
′)} (34)
The knowledge of vacuum polarization would be important in understanding the decoher-
ence process in the relativistic domain. At this stage, we would like to leave the detailed
calculations of the second and higher order corrections for the future work.
In summary, we have derived Lorentz covariant quantum Liouville equations for the den-
sity operator in functional of hypersurface from T-S equation and obtained formal solution
for the reduced-density-operator which is also in covariant form using the projection op-
erator technique and the functional calculus. When all the members of the family of the
hypersurfaces become flat hyperplanes, our results agree with those of the non-relativistic
case. We have shown that our new formalism can be applied to the practical cases such as
10
the vacuum polarization. Our formulation is exact and general so it could be applied not
only to the relativistic quantum information processing but also to the related fields such
as QED, field theory and relativistic statistical mechanics.
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